
Dylan Thurston diagrams and cluster integrable systems.

We, Russians, consider examples.
V.I.Arnol’d



Dylan Thurston diagrams and cluster integrable systems.

We, Russians, consider examples.
V.I.Arnol’d



The simplest integrable system.

1

1

x

y

z

s0s1s0Λ

1

2

3

5

4

6
7

8

9
1

8

3

7

6

4
5

2

9
βµ λµ−1

α−1

λ−1

β−1α



The simplest integrable system.

1

1

x

y

z

s0s1s0Λ

1

2

3

5

4

6
7

8

9
1

8

3

7

6

4
5

2

9
βµ λµ−1

α−1

λ−1

β−1α



The simplest integrable system.

1

1

x

y

z

s0s1s0Λ

1

2

3

5

4

6
7

8

9
1

8

3

7

6

4
5

2

9
βµ λµ−1

α−1

λ−1

β−1α



The simplest integrable system.

1

1

x

y

z

s0s1s0Λ

1

2

3

5

4

6
7

8

9
1

8

3

7

6

4
5

2

9
βµ λµ−1

α−1

λ−1

β−1α



The simplest integrable system.

1

1

x

y

z

s0s1s0Λ

1

2

3

5

4

6
7

8

9
1

8

3

7

6

4
5

2

9
βµ λµ−1

α−1

λ−1

β−1α



The simplest integrable system.

1

1

x

y

z

s0s1s0Λ

1

2

3

5

4

6
7

8

9

1

8

3

7

6

4
5

2

9
βµ λµ−1

α−1

λ−1

β−1α



The simplest integrable system.

1

1

x

y

z

s0s1s0Λ

1

2

3

5

4

6
7

8

9
1

8

3

7

6

4
5

2

9

βµ λµ−1

α−1

λ−1

β−1α



The simplest integrable system.

1

1

x

y

z

s0s1s0Λ

1

2

3

5

4

6
7

8

9
1

8

3

7

6

4
5

2

9

βµ λµ−1

α−1

λ−1

β−1α



The simplest integrable system.

1

1

x

y

z

s0s1s0Λ

1

2

3

5

4

6
7

8

9
1

8

3

7

6

4
5

2

9
βµ λµ−1

α−1

λ−1

β−1α



Partition function.

µβ λµ−1

α−1

λ−1

αβ−1

x = αβ−2, y = αβ, z = α−2β

Sh = det

α−1 1 λµ−1

1 µβ 1
λ−1 1 αβ−1

 =

= λ−1 + µ+ λµ−1 − α−1 − β − αβ−1.

S f = −λ−1 − µ− λµ−1 + x−1/3y−2/3 + x−1/3y1/3 + x2/3y1/3.
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Partition function as a dimer sum:

λ−1 µ λµ−1

αβ−1
α−1 β

Sh = λ−1 + µ+ λµ−1 − α−1 − β − αβ−1.



Partition function as a characteristic polynomial

s0s1s0Λ

S f ∼ det

(
Tx

(
1 0
λ 1

)(
y 0
0 1

)
Ty

(
1 1
0 1

)
Tz

(
1 0
λ 1

)(
0 1
λ 0

)
− µ

)
=

= µ2 − λy − λ2xy − λµ(1 + y + xy)

Becomes

S f = −λ−1 − µ− λµ−1 + x−1/3y−2/3 + x−1/3y1/3 + x2/3y1/3.

After the substitution

λ 7→ λx−2/3y−1/3, µ 7→ µx−1/3y1/3, S f 7→ −S f x2/3y−1/3
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Solution.

x = c−3
λ

θ3(t − b)

θ3(t)
; y = c3

λ

θ3(t)

θ3(t + b)
; z =

θ3(t + b)

θ3(t − b)
;

cλ = − θ3(b)

θ3(2b)
; 3b ≡ 0
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{x , y} = 2xy ; {y , z} = 2yz ; {z ,w} = 2zw ;

{w , x} = 2wx ; {x , z} = {y ,w} = 0.

Sh = α + α−1 + cβ + β−1 + λ+ λ−1 + µ−1 + cµ

S f = x−1/2w1/2 + x−1/2w−1/2 + x1/2w1/2 + x1/2w−1/2wy+

+λ+ λ−1 + µ−1 + ywµ.

(x , y , z ,w) 7→ (z ,w , x , y)

(x , y , z ,w) 7→ (y
(1 + x)2

(1 + z−1)2
, x−1,w

(1 + z)2

(1 + w−1)2
, z−1)
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The second simplest Toda chain.
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Partition function.

Sh = µ−2 + µ+ µ−1(αγ−1 + γ + α−1 + β + αδ + α−1β−1δ−1)+

+(γα−1 + α + γ−1 + βγ + δ + γ−1β−1δ−1) + λ−1 − λµ−1.


