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Macdonald symmetric polynomials [Macdonald]

I Let Q(q, t) be a field of rational functions in variables q
and t. Let Λq,t be the graded Q(q, t)-algebra of
symmetric polynomials of variables x1, x2, . . . of degree
one

Λq,t =
⊕

n≥0

Λ(n)
q,t ,

where Λ(n)
q,t is the homogeneous component of Λq,t of

degree n.

I There are various convenient bases in the space of
symmetric polynomials in variables x1, . . . , x`+1

enumerated by partitions λ = (λ1 ≥ . . . ≥ λ`+1),
λi ∈ Z+.
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I Particularly, the elements of the bases of monomial
symmetric functions mλ(x) are given by sums of all

distinct monomials obtained from xλ = xλ1
1 . . . xλ`+1

`+1 by
permutations of x1, . . . , x`+1.

I Let us denote pn(x) := m(n) the symmetric polynomial

for the partition (n) = (n, 0, . . . , 0). The bases of power
series symmetric polynomials consists of the polynomials
pλ(x) = pλ1

(x) · . . . · pλ`+1
(x).
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I Equip the space Λ(`+1)
q,t with a scalar product < , >

defined by

< pλ, pµ >q, t = δλµ zλ

`+1

∏
i=1

1− qλi

1− tλi
,

zλ = ∏
n≥1

nmnmn! , mn = |{k : λk = n}| .
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I Macdonald introduced a bases {Pλ(x) = Pλ(x ; q, t)} of
symmetric polynomials over Q(q, t) enumerated by
partitions λ such that

Pλ(x) = ∑
µ≤λ

uλµ mµ , uλλ = 1 ,

and
< Pλ, Pµ >q, t = 0, λ 6= µ .

In the above formula ≤ denotes the natural ordering:

λ ≤ µ ⇐⇒ λ1 + . . . + λi ≤ µ1 + . . . + µi , i ≥ 0 .
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I The Macdonald polynomials Pλ(x) can be also
characterized as common eigenfunctions of the following
set of mutually commuting difference operators acting in

Λ(`+1)
q,t :

Mr = tr(r−1)/2 ∑
Ir

∏
i∈Ir
j /∈Ir

txi − xj

xi − xj
TIr , TIr = ∏

i∈Ir

Tq, xi ,

where the sum goes over all r -element subsets Ir of
(1, 2, . . . , ` + 1) and

Tq, xi · f (x1, . . . , x`+1) = f (x1, . . . , qxi , . . . , x`+1).
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Baxter operator formalism for Macdonald

symmetric polynomials [GLO 2012]

Definition
Baxter operator Qγ = Qγ(q, t) associated with Macdonald
integrable system is a family of operators acting on the space

Λ(`+1)
q,t of symmetric polynomials as follows:

Qγ · P(x) =
∫

T
d×y Qγ(x , y) ∆(y) P(y−1) , γ ∈ Z ,

( T = {...|yi | = 1, ...) ) where integral kernel is given by

Qγ(x , y) =
`+1

∏
i=1

(
xiyi

)γ
`+1

∏
i ,j=1

Γq,t(xiyj ) .
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Where

Γq,t(x) =
(tx ; q)∞

(x ; q)∞
, (x ; q)∞ =

∞

∏
j=0

(
1− xqj

)
,

∆(y ; q, t) =
`+1

∏
i ,j=1
i 6=j

1

Γq,t(yiy
−1
j )

.
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Theorem
The operator Qγ acts on the Macdonald polynomials Pλ(x)
as follows:

Qγ · Pλ(x) = Lγ(λ) Pλ(x) , λ`+1 ≥ γ, γ ∈ Z,

Qγ · Pλ(x) = 0 , λ`+1 < γ,

where

Lγ(λ) := Lγ(λ, q, t) =
`+1

∏
i=1

Γq, tq−1(q)
Γq, tq−1(t`+1−iqλi−γ+1)

.
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Proof.

Based on Cauchy-Littlewood identity [Macdonald]. Consider
two sets x = (x1, . . . , xn) and y = (y1, . . . , ym) of variables.
Then

n

∏
i=1

m

∏
j=1

Γq,t(xiyj ) = ∑
λ∈Yn,m

bλ Pλ(x) Pλ(y),

where summation goes over a set Ym,n of the partitions of
length min(m, n) , bλ =< Pλ, Pλ >−1

q,t .
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Definition
The dual Baxter operator

∨Qz =
∨Qz(q, t) is a family of

operators acting in Λ(`+1)
q,t

∨Qz · Pλ(x) = ∑
µ∈Z`+1

∨
Qz(λ, µ) Pµ(x)

with the kernel function

∨
Qz(λ, µ) = z |µ|−|λ| ϕµ/λ ,
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Here

ϕµ/λ =
`+1

∏
i ,j=1
i≤j

Γq,tq−1(t j−iqµi−µj+1)
Γq,tq−1(t j−iqµi−λj+1)

Γq,tq−1(t j−iqλi−λj+1+1)
Γq,tq−1(t j−iqλi−µj+1+1)

×Θ(µ1 − λ1)
`

∏
i=1

Θ(λi − µi+1)Θ(µi+1 − λi+1) ,

where in the product one should omit the factors depending on
λ`+2 and µ`+2.
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Theorem
The action of the dual Baxter operator on the Macdonald
polynomials reads

∨Qz · Pλ(x) = L∨z (x) Pλ(x) ,

where the eigenvalue is given by

L∨z (x) =
`+1

∏
i=1

Γq,t(zxi ) .
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Proof.

The proof is based on the following Pieri rules [Macdonald].
Let P(n)(x) be the Macdonald polynomial corresponding to

the partition (n) = (n, 0, . . . , 0). Then the following product
decomposition holds:

P(n)(x)× Pλ(x) = b−1
(n) ∑

µi≥λi≥µi+1
|µ|−|λ|=n

ϕµ/λ Pµ(x) ,

b(n) =
n

∏
i=1

1− tqn−i

1− qn+1−i
.
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Recursive operators

I Let us introduce the following notation

an = (an,1, . . . , an, n) , a′n = (an,1, . . . , an, n−1).

I The following recursive relations hold ([Awata, Odake,
Shiraishi]):

Pλ(x `+1) =
∫

T
d×x ` Q

gl`+1
gl`

(x `+1; x `| λ`+1) ∆(x `) Pλ′(x−1
` ) ,

Q
gl`+1
gl`

(x `+1; x `| λ`+1) = x
λ`+1

`+1, `+1

`

∏
i=1

(
x`+1, ix`, i

)λ`+1×

`+1

∏
i=1

`

∏
j=1

Γq,t(x`+1, i , x`, j ) ,
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I The dual recursive relation ([Macdonald]):

Pλ`+1
(x) = ∑

λ`

∨
Q

gl`+1
gl`

(λ`+1, λ`| x`+1) Pλ`
(x ′) ,

∨
Q

gl`+1
gl`

(λ`+1, λ`| x`+1) = x
|λ`+1|−|λ`|
`+1 ψλ`+1/λ`

,

I

ψλ/µ = ∏
1≤i≤j≤`

Γq, tq−1(t j−iqµi−µj+1)
Γq, tq−1(t j−iqλi−µj+1)

Γq, tq−1(t j−iqλi−λj+1+1)
Γq, tq−1(t j−iqµi−λj+1+1)

when λ1 ≥ µ1 ≥ . . . ≥ λ` ≥ µ` ≥ λ`+1 ≥ 0, and
ψλ/µ = 0 otherwise.
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I The above recursive relations allows to introduce the
corresponding recursive operators.

I Qgln+1
gln

(λn+1) :

Qgl`+1
gl`

(λ`+1) · f (x `+1)

=
∫

T
d×x ` Q

gl`+1
gl`

(x `+1; x `| λ`+1) ∆(x `) f (x−1
` ) ,

I Remark.

Qgln+1
gln

(λn+1)Pgl` ∼ Qgl` · ∨Qgl` · Pgl`

`+1

∏
i=1

`

∏
j=1

Γq,t(x`+1, i , x`, j ) =
`

∏
i ,j=1

Γq,t(x`+1, i , x`, j ) L∨x`+1,`+1
(x `)
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I
∨Qgl`+1

gl`
(x`+1):

∨Qgl`+1
gl`

(x`+1) · f (λ`+1) = ∑
λ`

∨
Q

gl`+1
gl`

(λ`+1, λ`| x`+1) f (λ`) ,

∨
Q

gl`+1
gl`

(λ`+1, λ`| x`+1) = x
|λ`+1|−|λ`|
`+1 ψλ`+1/λ`

,

I

ψλ/µ = ∏
1≤i≤j≤`

Γq, tq−1(t j−iqµi−µj+1)
Γq, tq−1(t j−iqλi−µj+1)

Γq, tq−1(t j−iqλi−λj+1+1)
Γq, tq−1(t j−iqµi−λj+1+1)

when λ1 ≥ µ1 ≥ . . . ≥ λ` ≥ µ` ≥ λ`+1 ≥ 0, and
ψλ/µ = 0 otherwise.

Dmitry Lebedev Baxter operators, Hecke algebras and L-factors



I The existence of the two dual recursive representations
provide a family of 2` integral representations for the
Macdonald polynomials.

I Let n = 1, . . . , ` . Define

R I
n+1, n := Qgln+1

gln
(λn+1) , R II

n+1, n :=
∨Qgln+1

gln
(xn+1) , ,

then for every array ε = (ε1, . . . , ε`) of
εn ∈ {I , II}, n = 1, . . . , ` the following holds:

P
gl`+1

λ`+1
(x `+1) =

{
R

ε`
`+1, ` ◦ . . . ◦ Rε1

2, 1 ◦ R1, 0

}
· 1 ,

where R1, 0 is the gl1-Macdonald polynomial Pgl1 .
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The q-deformed Toda chain on the lattice (t → ∞
limit). [GLO]: math.RT/0803.0145;

math.RT/0803.0970; math.RT/0805.3754

I Introduced by Ruijsenaars (1990)

I Let n`+1 = (n`+1,1, . . . , n`+1,`+1), nij ∈ Z. Assume
q ∈ C∗, |q| < 1. Denote

Ti f (..., n`+1,i , ...) = f (..., n`+1,i + 1, ...)

The q Toda chain is defined by Hamiltonian

Hgl`+1
1 (n`+1) =

`

∑
i=1

(1− qn`+1,i−n`+1,i+1+1)Ti + T`+1

I There exists commuting set of Hamiltonians Hgl`+1
r
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Class one q-deformed Whittaker function

I The class one q-deformed Whittaker function is common
eigenfunction of commuting set of Hamiltonians:

Hgl`+1
r (n`+1)Ψgl`+1

z (n`+1) = (∑
Ir

∏
i∈Ir

zi ) Ψgl`+1
z (n`+1)

I Weyl invariant over z ,

I Ψgl`+1
z (n`+1) = 0 outside dominant domain

n`+1,1 ≥ ... ≥ n`+1,`+1

Dmitry Lebedev Baxter operators, Hecke algebras and L-factors



I Let us define normalized symmetric polynomials

PqW
λ (x) = ∆−1

q (λ)Pλ(x ; q, t = 0) ,

∆q(λ) =
`

∏
i=1

(λi − λi+1)q ! ,

where (n)q ! = ∏n
i=1(1− qn+1−i ).

I In the following we will call PqW
λ (x) the q-Whittaker

polynomials. These polynomials were introduced in
[Gerasimov, Lebedev and Oblezin] as class one
q-deformed gl`+1-Whittaker functions (see also
[Cherednik] for generalization to arbitrary root systems)

Theorem
Let λ1 ≥ ... ≥ λ`+1. The class one q-Whittaker function
coincides with the normalized q-Whittaker polynomial

Ψgl`+1
x (λ) = PqW

λ (x)
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”Pieri type” Q-operator

I Definition
The Q- operator acting in Λ(`+1)

q is a family of integral
operators

Qz · f (λ) = ∑
µ∈Z`+1

∆q(µ)Q`+1, `+1(µ; λ| z) f (µ) ,

with the kernel

Q`+1, `+1(µ, λ| z) = z |µ−λ| ϕq
µ/λ = z |µ−λ| ϕµ/λ|t=0∆q(λ)−1

= z |µ−λ| Θ(µ1 − λ1)
(µ1 − λ1)q !

`

∏
i=1

Θ(λi − µi+1)
(λi − µi+1)q !

Θ(µi+1 − λi+1)
(µi+1 − λi+1)q !

.
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Theorem
The action of the Baxter operator Qz on q-Whittaker
polynomials is given by

Qz · PqW
λ (x) = Lz(x) PqW

λ (x) ,

where

Lz(x) =
`+1

∏
i=1

Γq(zxi ) .
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”Pieri type” formula of q-Whittaker function

I Denote by P (`+1) ⊂ Z`(`+1)/2 a subset of integers nk,i ,
k = 1, . . . , ` + 1, i = 1, . . . , k satisfying the
Gelfand-Zetlin conditions nk+1,i ≥ nk,i ≥ nk+1,i+1 for
k = 1, . . . , `.
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Theorem
Class one q-Whittaker function is given in the dominant
domain n`+1,1 ≥ . . . ≥ n`+1,`+1 by

Ψgl`+1
z1,...,z`+1

(n`+1) = ∑
nk,i∈P (`+1)

`+1

∏
k=1

z
∑i nk,i−∑i nk−1,i

k

×

`

∏
k=2

k−1

∏
i=1

(nk,i − nk,i+1)q !

`

∏
k=1

k

∏
i=1

(nk+1,i − nk,i )q ! (nk,i − nk+1,i+1)q !
,

and zero otherwise.

(n)q ! = (1− q)...(1− qn)
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Limit q → 1 [GLO]: arXiv:1101.4567

I Theorem
Let us use the following parametrization

q = e−ε, n`+1,k = (`+ 2− 2k)m(ε)+ ε−1x`+1,k , zk = e ı ελk ,

where k = 1, . . . , ` + 1, m(ε) = −[ε−1 ln ε]. Then

Ψgl`+1

λ (x) = lim
ε→+0

(
ε

`(`+1)
2 e

`(`+3)
2 A(ε) Ψgl`+1

z1,...,z`+1
(n`+1)

)
,

where A(ε) = −π2

6
1
ε − 1

2 ln ε
2π
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I Where

Ψλ(x | h̄) =
∫

C
exp

(
ı
h̄

`+1

∑
k=1

λk

(
k

∑
i=1

Tk,i −
k−1

∑
i=1

Tk−1,i

))
×

exp{
`

∑
k=1

− 1

h̄

(
k

∑
i=1

eTki−Tk+1,i +
k

∑
i=1

eTk+1,i+1−Tk,i

)
}∏

i ,k

dTk,i ,

where we set xi = T`+1,i , i = 1, . . . , ` + 1 and domain
of integration C is slightly deformed subspace
R`(`+1)/2 ⊂ C`(`+1)/2 making the integral convergent.

I Givental (1996)–”Pieri type” representation.

I Comment: Vinogradov and Tahtadzhyan (1982) GL(3)
case and Stade (1990) GL(2n + 1). Gerasimov, Lebedev
and Oblezin (2007) found connection of Vinogradov and
Tahtadzhyan representation with the Givental one .

Dmitry Lebedev Baxter operators, Hecke algebras and L-factors



Baxter operator in Toda chain theory [ Gaudin and

Pasquier]

I Pieri type Qz operator when q → 1 is integral operator
Qgl`+1(λ) with the kernel [Gaudin, Pasque]:

Qgl`+1(x , y | λ) =

exp
{

ıλ
`+1

∑
i=1

(xi − yi ) −
`

∑
k=1

(
exi−yi + eyi−xi+1

)
− ex`+1−y`+1

}

I Recursion operator Qgl`+1
gl`

(λ) is integral operator with
kernel:

Q
gl`+1
gl`

(x , y |λ) =

exp

{
ıλ

( `+1

∑
i=1

xi −
`

∑
i=1

yi

)
−

`

∑
i=1

(
exi−yi + eyi−xi+1

)}
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Example

I For ` = 1 we have

Ψgl2
z1,z2(n2,1, n2,2) = ∑

n2,2≤n1,1≤n2,1

z
n1,1
1 z

n2,1+n2,2−n1,1
2

(n1,1 − n2,2)q !(n2,1 − n1,1)q !
, n2,2 ≤ n2,1 ,

Ψz1,z2(n2,1, n2,2) = 0, n2,2 > n2,1 ,

where (n)!=(1− q)...(1− qn).

Dmitry Lebedev Baxter operators, Hecke algebras and L-factors



Example

I Using the parametrization

q = e−ε, n21 = m(ε) + x21ε−1, n22 = −m(ε) + x22ε−1,

with m(ε) = −[ε−1 ln ε], zi = e ıελi we obtain

Ψgl2
z1,z2(n21, n22) = ∑

x22−εm(ε)≤x11≤x2,1+ε m(ε)

e ıλ1x11+ıλ2(x21+x22−x11)

((x11 − x22)/ε + m(ε))q ! ((x21 − x11)/ε + m(ε))q !
,

where we use the notations n11 = x11/ε.
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Example

I Taking into account

1

(y/ε + m(ε))q !
= e+ π2

6
1
ε + 1

2 ln ε
2π−e−y+O(ε),

we obtain

ψ
gl2
λ1,λ2

(x1, x2) = lim
ε→+0

ε e−
π2

3
1
ε−ln ε

2π Ψgl2
z1,z2(n21, n22)

=
∫

R
dx11e

ıλ1x11e ıλ2(x21+x22−x11) e−ex11−x21−ex22−x11 .
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Main Lemma

I Lemma
Let us introduce the following functions

fα(y , ε) = (y/ε + αm(ε))q !, α = 1, 2,

where m(ε) = −[ε−1 ln ε], q = e−ε. Then for ε → +0 the
following expansions hold:

f1(y , ε) = eA(ε)+e−y+O(ε) ;

f2(y , ε) = eA(ε)+O(εα−1),

where A(ε) = −π2

6
1
ε − 1

2 ln ε
2π .
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”Cauchy-Littlewood type” representation

[Kharchev, Lebedev]

Ψgl`+1

λ (x) =

∫

S

`

∏
n=1

n

∏
k=1

n+1

∏
m=1

Γ(ıγnk − ıγn+1,m)

(2π)nn! ∏
s 6=p

Γ(ıγns − ıγnp)
e
−ı

`+1
∑

n=1

n
∑

j=1
(γnj−γn−1,j )xn `

∏
n=1
j≤n

dγnj ,

where λ = (λ1, . . . , λ`+1) := (γ`+1,1, . . . , γ`+1,`+1)
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Whittaker function

I Vλ = IndG
B χλ is a principal series representation of G

induced from the generic character χλ of B trivial on
N ⊂ B with λ = (λ1, . . . , λ`+1). It is realized in the
space of functions f ∈ C ∞(G ) satisfying equation

f (bg) = χλ(b)f (g),

where b ∈ B . The action of G is given by the right
action πλ(g)f (x) = f (xg )
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Whittaker function

Ψgl`+1

λ (g) := e−ρ(g)Φgl`+1

λ (g) = e−ρ(g) < φK , πλ(g) ψR >,

where ρ(g) is given by ρ(kan) =< ρ, log a >, φK is a
spherical vector in Vλ

φK (bgk) = χλ(b)φK (g), k ∈ K , b ∈ B+,

ψR - is eigenvector of simple roots generators of g
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Whittaker function solves Toda chain

I Due to functional equation Ψgl`+1

λ (g) descends to a
function on the space A of the diagonal matrices
a = diag(e x̃1 , . . . , e x̃`+1) entering the Iwasawa
decomposition KAN− → GL(` + 1, R):

I Fact (Kostant, Semenov-Tian-Shansky) The Whittaker
function

Ψgl`+1

λ (x) = e−<ρ,x> < φK , πλ(e∑`+1
i=1 xiEi ,i ) ψR >

is the Toda eigenfunction.
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Spherical Hecke algebra

I The spherical Hecke algebra is defined as an algebra of
K -biinvariant functions on G (R) ( K - maximal compact
subgroup of G (R)), φ(g) = φ(k1gk2), k1, k2 ∈ K acting
by a convolution

φ ∗ f (g) =
∫

G
φ(gg̃−1) f (g̃)dg̃ .

I To ensure the convergence of the integrals one usually
imposes the condition of compact support on
K -biinvariant functions. We will consider slightly more
general class of exponentially decaying functions
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L∞-factor as Hecke eigenvalue

Let φQ0(λ)(g) be a K -biinvariant function on

G = GL(` + 1, R) given by

φQ0(λ)(g) = 2`+1| det g |ıλ+ `
2 e−πTrg tg .

Theorem
(See [GLO 2007])

(
φQ0(λ) ∗Φgl`+1

γ

)
(g) = L∞(λ) Φgl`+1

γ (g),

where L∞(λ) is the local Archimedean L-factor

L∞(λ) =
`+1

∏
j=1

π−
ıλ−ıγj

2 Γ
( ıλ− ıγj

2

)
.
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Theorem
(See [GLO 2007]) Let a = diag(ex1 , . . . , ex`+1) ∈ A. Then

φQ0(λ) ∗Φgl`+1
γ (a) =

∫

R`+1

Qgl`+1
0 (x , y |λ)Φgl`+1

γ (ey )dy ,

where

Qgl`+1
0 (x , y |λ) = 2`+1 exp

{ `+1

∑
j=1

(ıλ + ρj )(xj − yj )

−π
`

∑
k=1

(
e2(xk−yk ) + e2(yk−xk+1)

)
− πe2(x`+1−y`+1)

}
,

Up to conjugation by e−ρ(x) the Qgl`+1
0 is the kernel of Baxter

operator
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Universal Baxter operator for Sp2` and SO2` and

work of Piatetsky-Shapiro and Rallis ([GL 2011]

I Embedding Sp2` → GL2`. Define involution:

g 7−→ g ∗ := S · J · (g−1)t · J−1 · S−1,

a → at is standard matrix transposition,

S = diag(1,−1, . . . ,−1, 1),

J = ‖Ji ,j‖ = ‖δi+j ,2`+1‖.
I The symplectic group G = Sp2` is defined as the

subgroup of GL2`:

Sp2` = {g ∈ GL2` : g ∗ = g}.
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I Embedding SO2` → GL2`. Define involution:

g 7−→ g ∗ := S · J · (g−1)t · J−1 · S−1,

S = diag(1,−1, . . . , (−1)`−1, (−1)`−1, (−1)`, · · · , 1),

J = ‖Ji ,j‖ = ‖δi+j ,2`+1‖.
I The orthogonal group G = SO2` is defined as the

subgroup of GL2`:

SO2` = {g ∈ GL2` : g∗ = g}.
I The maximal compact subgroup of G = SO2`, Sp2`

embedded this way is given by an intersection of G with
the maximal compact subgroup of GL2`(R).
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I We would like to construct elements of Hecke algebra
H(G , K ), where G are maximal split forms of Sp2`, SO2`

and K ⊂ G is a maximal compact subgroup, such that
their actions on spherical vectors in spherical principle
series representations are given by multiplications on the
corresponding local Archimedean L-factors associated
with the standard representations of the dual Lie groups.
Recall that SO2` is self-dual and Sp2` is dual to SO2`+1.

I The corresponding local L-factors are given by

LSO2`(s, µ1, r) =
`

∏
i=1

ΓR(s, λi ) ΓR(s,−λi ), G = SO2`,

LSO2`+1(s, µ2, r) =

ΓR(s, 0)
`

∏
i=1

ΓR(s, λi ) ΓR(s,−λi ), G = Sp2`, G
∨ = SO2`+1
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Definition
Let G = SO2` or Sp2`. Define the universal Baxter operator
QG (g , s) to be a one-parameter family of functions on G
given by

QG (g , s) = dG (s)
RG (g , s)
RG (0, s)

, g ∈ G

where

RG (g , s) =
∫

GL2`(R)
e−πTrZ t (g tg+1)Z | det Z |ıs dZ ,

dSO2`
(s) =

2`−2

∏
j≡0(mod2),j=0

ΓR(2ıs − j),

dSp2`
(s) =

2`

∏
j≡0(mod2),j=2

ΓR(2ıs − j).
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Theorem
The QG (g , s) is a K-biinvariant function on G and

QG (s) ∗ φK (g) =
∫

G
dg1QG (g1, s) φK (gg−1

1 ) =

LG∨
(s, µ)φK (g),

where φK is spherical in a principle series representation

Vµ = IndG
B χµ. And G∨ = SO2` or SO2`+1 for G = SO2` or

Sp2`.

Follows from results of [Piatetsky-Shapiro and Rallis]
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Conclusion

I The Baxter operator formalism for the Macdonald
polynomials is developed.

I Limits to q- deformed and classical class one Whittaker
functions are considered.

I The Baxter operator for open Toda chain is described as
restriction to the Cartan torus of the universal Baxter
operator considered as an element in the spherical Hecke
algebra.

I The universal Baxter operators for classical groups are
constructed and connection with the work of
Piatetski-Shapiro and Rallis on integral representation of
local Archimedean L-factors is established .
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